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A recent study of dissipative collapse considered a contracting sphere in which the areal
and proper radii are equal throughout its evolution. The interior spacetime was matched
to the exterior Vaidya spacetime which generated a temporal evolution equation at the
boundary of the collapsing sphere. We present a solution of the boundary condition which
allows the study of the gravitational and thermodynamical behaviour of this particular
radiating model.
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1. Introduction
The study of dissipative gravitational collapse achieved prominence with the pre-
sentation of the junction conditions by Santos1 in 1985. Earlier work on collapsing
stars in general relativity assumed the exterior spacetime to be empty and as a con-
sequence, it was required that the pressure at the boundary vanish. Santos provided
the general junction conditions required for the smooth matching of a spherically
symmetric, shear-free spacetime to the exterior Vaidya2 solution across a time-
like hypersurface. An important consequence of the matching conditions is that
the pressure on the boundary of the radiating star cannot be zero. It is assumed
that the interior of the star is radiating energy in the form of a radial heat flux.
The junction conditions due to Santos rejuvenated the study of gravitational col-
lapse and the end-states of radiating stars. The simplistic model of Oppenheimer
and Snyder3 has been generalised to include pressure4, anisotropic stresses, elec-
tromagnetic field5 and the cosmological constant6. These exact models, although
simplified, give much insight into the dissipative collapse process as well as physical
characteristics of the radiating star such as its temperature and luminosity.
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What makes the study of dissipative collapse of stars particularly difficult is
the solution to the boundary condition representing the conservation of momen-
tum across the time-like hypersurface. While many exact solutions for shear-free
radiating spheres have appeared in the recent literature, there are very few models
that include the effects of shear in the interior of the star. One of the first exact
models of a shearing radiating star that allowed for an analysis of the gravitational
and thermodynamical behaviour of the stellar fluid was found by Naidu et al7.
However, the model was restrictive in the sense that it was acceleration-free, but
more importantly, the matter variables such as pressure and density became infi-
nite at the center of the star. It was pointed out that this model could form part
of a core-envelope model of a radiating star. Further exact shearing solutions were
obtained by Rajah and Maharaj8 in which it was assumed that the particle trajec-
tories within the stellar core were geodesics. An analysis of the temperature profiles
for these models reveals unphysical behaviour in that the temperatures closer to the
surface of the star become negative. A recent study of shearing, dissipative collapse
considered a model of a spherically symmetric matter distribution in which the
areal radius is equal to the proper radius throughout the stellar evolution9. These
so-called Euclidean stars were shown to exhibit very interesting general properties.
In this paper we present an exact solution to the boundary condition that deter-
mines the temporal evolution of a Euclidean star. Our solution allows us to study
the physical and thermodynamical properties of this class of stars even when the
stellar fluid is far from equilibrium. Since Euclidean stars are not acceleration-free
we are able to draw comparisons with the earlier models of Naidu et al7 and Rajah
and Maharaj8.
The basic structure of our paper is as follows: Following Herrera et al 9 we
present the Einstein field equations for the interior of the stellar fluid in section two.
In section three we describe the exterior spacetime given by the Vaidya solution
and we give the main junction conditions required for the smooth matching of the
interior and exterior spacetimes. In section four we specify the Euclidean condition
and a particular solution to the boundary condition. In section five we investigate
the thermodynamical properties of our model and make comparisons to earlier work
on shearing, radiating models of gravitational collapse.
2. Shearing spacetimes
The interior spacetime is described by the general spherically symmetric, shearing
metric in comoving coordinates
ds2 = −A2dt2 +B2dr2 +R2(dθ2 + sin2 θdφ2) , (1)
where A = A(t, r), B = B(t, r) and R = R(t, r) are metric functions yet to be
determined. The matter content for the interior is described by
Tαβ = (µ+ P⊥)VαVβ + P⊥gαβ + (Pr − P⊥)χαχβ + qαVβ + qβVα , (2)
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where µ represents the energy density, Pr the radial pressure, P⊥ the tangential
pressure and qα the heat flux vector. The fluid four–velocity V is comoving and is
given by
V α =
1
A
δα0 . (3)
The heat flow vector assumes the form
qα = (0, q, 0, 0) , (4)
since qαVα = 0 ensuring radial heat dissipation. We further have
χαχα = 1, χ
αVα = 0. (5)
The expansion scalar and the fluid four acceleration are given by
Θ = V α;α, aα = Vα;βV
β , (6)
and the shear tensor by
σαβ = V(α;β) + a(αVβ) −
1
3
Θ(gαβ + VαVβ). (7)
For the comoving line element (1) the kinematical quantities take the following
forms
a1 =
A′
A
(8)
Θ =
1
A
(
B˙
B
+ 2
R˙
R
)
(9)
σ =
1
A
(
B˙
B
− R˙
R
)
, (10)
where dots and primes denote differentiation with respect to t and r respectively.
The nonzero components of the Einstein’s field equations for the line element (1)
and the energy-momentum (2) are
µ =
1
A2
(
2
B˙
B
+
R˙
R
)
R˙
R
− 1
B2
[
2
R′′
R
+
(
R′
R
)2
− 2B
′
B
R′
R
−
(
B
R
)2]
, (11)
Pr = − 1
A2
[
2
R¨
R
−
(
2
A˙
A
− R˙
R
)
R˙
R
]
+
1
B2
(
2
A′
A
+
R′
R
)
R′
R
− 1
R2
, (12)
P⊥ = − 1
A2
[
B¨
B
+
R¨
R
− A˙
A
(
B˙
B
+
R˙
R
)
+
B˙
B
R˙
R
]
+
1
B2
[
A′′
A
+
R′′
R
− A
′
A
B′
B
+
(
A′
A
− B
′
B
)
R′
R
]
, (13)
q =
2
AB
(
R˙′
R
− B˙
B
R′
R
− R˙
R
A′
A
)
. (14)
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This is an underdetermined system of four coupled partial differential equations in
seven unknowns viz., A,B,R, µ, Pr, P⊥ and q.
3. Exterior spacetime and junction conditions
The exterior spacetime is taken to be Vaidya’s outgoing solution, given by 2
ds2 = −
(
1− 2m(v)
R
)
dv2 − 2dvdR+R2 (dθ2 + sin2 θdφ2) , (15)
where m(v) represents the Newtonian mass of the gravitating body as measured
by an observer at infinity. The necessary conditions for the smooth matching of
the interior spacetime (1) to the exterior spacetime (15) have been extensively
investigated. We present the main results that are necessary for modeling a radiating
star. The continuity of the intrinsic and extrinsic curvature components of the
interior and exterior spacetimes across a time-like boundary are
m(v)Σ =

R2


(
R˙
A
)2
−
(
R′
B
)2
+ 1




Σ
(16)
(Pr)Σ = qΣ. (17)
Relation (17) determines the temporal evolution of the collapsing star.
4. Radiating Euclidean stars
Following Herrera et al9 we impose the condition that the areal radius of any
spherical surface contained within Σ, with centre placed at the origin, is equal to
the proper radius from the center through to r = b, the boundary of the star. This
implies that
B = R′ (18)
The Einstein field equations (11)–(14) reduce to
µ =
1
A2
(
R˙
R
+ 2
R˙′
R′
)
R˙
R
, (19)
Pr = − 1
A2
[
2
R¨
R
−
(
2
A˙
A
− R˙
R
)
R˙
R
]
+ 2
A′
A
1
RR′
, (20)
P⊥ = − 1
A2
[
R¨
R
+
R¨′
R′
− A˙
A
R˙
R
−
(
A˙
A
− R˙
R
)
R˙′
R′
]
+
1
R′2
[
A′′
A
−
(
R′′
R′
− R
′
R
)
A′
A
]
, (21)
q = − 2
AR′
(
R˙
R
A′
A
)
. (22)
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and the mass function becomes
m =
R
2
(
R˙
A
)2
(23)
The boundary condition (17) yields
R¨
R
+
1
2
(
R˙
R
)2
− A˙
A
R˙
R
− (A+ R˙)A
′
RR′
= 0 (24)
valid on r = b. We now have a system of six coupled partial differential equations,
viz. (18)–(22) and (24), in seven unknowns.
We focus on (24) as a solution of this equation will yield all the relevant kine-
matical and physical quantities. In doing so, we note that we are requiring (24) to
hold for all r and not just on the boundary r = b. Equation (24) is a nonlinear par-
tial differential equation in A(r, t) and R(r, t). We could analyse it as a quasi–linear
partial differential equation in A(r, t) only. Then the general solution of (24) will
reduce to a general function of the solutions of two ordinary differential equations.
Unfortunately, these equations are still difficult to solve. As a result, we provide a
simple solution to (24) by setting
R = αA. (25)
(Note that this closes our system of partial differential equations as we now have
seven equations in seven unknown functions.) This assumption leads to
R(r, t) =
[
C1(r)e
λ1t + C2(r)e
λ2t
]2
, (26)
where
λ1 =
1 +
√
3
2α
λ2 =
1−√3
2α
, (27)
which is the general solution to the resulting form of (24) with the assumption (25)
valid for all r. Utilising solution (26), the Einstein field equations (11)-(14) yield
µ = 4α2e−4λ2t
[
e
√
3t
α λ1C1 + λ2C2
]
×
×3e
2
√
3t
α λ1C1C
′
1 + 3λ2C2C
′
2 +
√
3e
√
3t
α [λ1C1C
′
2 + λ2C2C
′
1]
(e
√
3t
α C1 + C2)6(e
√
3t
α C′1 + C
′
2)
(28)
Pr =
−4αe−4λ2t
(
e
√
3t
α λ1C1 + λ2C2
)
(e
√
3t
α C1 + C2)5
(29)
P⊥ = −
[
(3 + 2
√
3)e
√
3t
α C21C
′
1 + (3 − 2
√
3)C22C
′
2
]
e−4λ2t
(e
√
3t
α C1 + C2)6(e
√
3t
α C′1 + C
′
2)
−
e
√
3t
α C1C2
[
(9 + 2
√
3)e
√
3t
α C′1 + (9− 2
√
3)C′2
]
e−4λ2t
(e
√
3t
α C1 + C2)6(e
√
3t
α C′1 + C
′
2)
(30)
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q = −
4αe−4λ2t
(
λ1e
√
3t
α C1 + λ2C2
)
(e
√
3t
α C1 + C2)5
(31)
where λ1 and λ2 are defined in (27). The magnitude of the shear tensor is given by
σ =
√
3e(−1+2
√
3)t/α (C2C
′
1 − C1C′2)
(e
√
3t
α C1 + C2)3(e
√
3t
α C′1 + C
′
2)
. (32)
Relation (32) indicates that the shear vanishes when C1(r) ∝ C2(r). In the next
section we study the thermodynamical properties of our model. In order to ensure
that the shear remains finite and nonzero for all time we make the following choice
for our metric function
R(r, t) =
[
(a2 + r2)eλ1t + (c2 + r2)eλ2t
]2
, (33)
where a and c are constants and the λi were defined earlier.
5. Thermodynamics
In this section we investigate the evolution of the temperature profile of our model
within the context of extended irreversible thermodynamics. The causal transport
equation in the absence of rotation and viscous stress is
τha
bq˙b + qa = −κ
(
ha
b∇bT + T u˙a
)
(34)
where hab = gab + uaub projects into the comoving rest space, T is the local equi-
librium temperature, κ (≥ 0) is the thermal conductivity, and τ (≥ 0) is the relax-
ational time-scale which gives rise to the causal and stable behaviour of the theory.
To obtain the noncausal Fourier heat transport equation we set τ = 0 in (34). For
the metric (1), equation (34) becomes
τ(qB)
·
+AqB = −κ(AT )
′
B
. (35)
In order to obtain a physically reasonable stellar model we will adopt the thermo-
dynamic coefficients for radiative transfer. Hence we are considering the situation
where energy is transported away from the stellar interior by massless particles,
moving with long mean free path through matter that is effectively in hydrody-
namic equilibrium, and that is dynamically dominant. Govender et al10,11 have
shown that the choice
κ = γT 3τc, τc =
(
α
γ
)
T−σ, τ =
(
βγ
α
)
τc , (36)
is a physically reasonable choice for the thermal conductivity κ, the mean collision
time between massive and massless particles τc and the relaxation time τ . The
quantities α ≥ 0, β ≥ 0 and σ ≥ 0 are constants. Note that the mean collision time
decreases with growing temperature as expected except for the special case σ = 0,
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when it is constant. With these assumptions the causal heat transport equation
(35) becomes
β(qB)
·
T−σ +A(qB) = −αT
3−σ(AT )′
B
. (37)
This equation was comprehensively studied in the noncausal (β = 0) case by Govin-
der and Govender12 as well as in specific causal cases. In the noncausal case, (37)
can be solved to yield
(AT˜ )4−σ =
σ − 4
α
∫
A4−σqB2dr + F (t), σ 6= 0 (38)
ln (AT˜ ) = − 1
α
∫
qB2dr + F (t), σ = 4 . (39)
where F (t) is a function of integration which is fixed by the surface temperature of
the star. Note that T˜ corresponds to the noncausal temperature when β = 0. For
a constant mean collision time (σ = 0), (37) can be integrated to give the causal
temperature, ie.,
(AT )4 = − 4
α
[
β
∫
A3B(qB)
·
dr +
∫
A4qB2dr
]
+ F (t) . (40)
In (36) we can think of β as the ‘causality’ index, measuring the strength of relax-
ational effects, with β = 0 giving the noncausal case.
The effective surface temperature of a star is given by
(T¯ 4)Σ =
(
1
r2B2
)(
L
4piδ
)
, (41)
where L is the luminosity at infinity and δ(> 0) is a constant. The luminosity at
infinity can be calculated from
L∞ = −dm
dv
, (42)
where m(v) is given in (23). We are in a position to analyse the evolution of the
temperature in both the causal and noncausal theories. Figure 1 represents the
causal temperature (dashed line) and noncausal temperature (solid line) as function
of the radial coordinate. It is clear that the temperature in both the causal and
noncausal theories is a maximum at the center of the star and drops off smoothly
as the radial coordinate increases towards the boundary. This trend also indicates
that the surface layers of the star are much cooler than the interior portions. As
in the acceleration-free case studied by Naidu et al7 and Rajah and Maharaj8, the
causal temperature is everywhere higher than its noncausal counterpart at each
interior point of the star. The causal and noncausal temperatures are equal at the
boundary of the star. Figure 1 also reveals that relaxational effects account for a
larger temperature gradient within the stellar core. This is expected at late times
during the collapse as the stellar fluid is far from hydrostatic equilibrium. Figure 2
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illustrates the trend in the relaxation times for the shear stresses. Following Naidu
et al
7, the shear transport equation yields
τ1 =
−P
P˙ + 815r0σT
4
, (43)
where coefficient of shear viscosity for a radiative fluid
η =
4
15
r0T
4τ1, (44)
was utilised. In (43) we have used P = 13 (P⊥ − Pr) and r0 is the radiation constant
for photons. We have further assumed that τ1 = β1τc. Figure 2 clearly shows that
the relaxation time for the shear stresses can vary as much as a factor of 102 during
the evolution of the collapsing fluid. A similar result was found for the acceleration-
free model investigated by Naidu et al7. Figure 3 shows the proper radius as a
function of time. It is a monotonically decreasing function as expected since the
star is losing mass in the form of a radial heat flux. It is interesting to note that the
formation of the horizon can be avoided in our model even in the presence of shear,
by carefully choosing the arbitrary functions C1(r) and C2(r). Such a choice would
ensure that the mass-to-radius ratio, 2mΣ/r¯Σ < 1 which avoids the appearance
of the horizon for all time. The horizon-free model of a radiating, shear-free star
undergoing collapse was first studied by Banerjee et al13. The physical viability
of this model was studied by Naidu and Govender14 where it was shown that
the temperature and luminosity profiles were well behaved throughout the stellar
interior.
In conclusion, we have presented an exact solution that completely describes
the temporal and radial behaviour of a particular class of radiating stars, the so-
called Euclidean stars. We have shown that the model is reasonably well-behaved
throughout the collapse process, with the physical and thermodynamical variables
remaining physically viable. Our model of a radiating star with nonvanishing shear
adds to the very limited class of such solutions that are currently available in the
literature.
References
1. N. O. Santos, Mon. Not. R. Astron. Soc. 216, 403 (1985).
2. P. C. Vaidya, Proc. Ind. Acad. Sci.A33, 264 (1951).
3. J. R. Oppenheimer and H. Snyder, Phys. Rev. 56, 455 (1939).
4. W. B. Bonnor, A. K. G. de Oliveira N. O. Santos, Phys. Rep. 181, 269 (1989).
5. S. D. Maharaj and M. Govender, Pramana-J. of Phys. 54, 715 (2000).
6. M. Govender and S. Thirukkanesh, Int. J. Theoret. Phys., 48, 3558 (2009).
7. N. F. Naidu, M. Govender and K. S. Govinder, Int. J. Mod. Phys. D 15, 1053 (2006).
8. S. S. Rajah and S. D. Maharaj, J. Math. Phys., 49, 012501 (2008).
9. L. Herrera and N. O. Santos, gr-qc/09072253.
10. M. Govender, S. D. Maharaj and R. Maartens, Class. Quantum Grav.15,323(1998).
11. M. Govender, R. Maartens and S. D. Maharaj, Mon. Not. R. Astron. Soc.310,557
(1999).
October 7, 2018 13:32 WSPC/INSTRUCTION FILE euclideanfinaljune
Thermal behaviour of Euclidean stars 9
12. M. Govender and K. S. Govinder, Phys. Lett.A283, 71 (2001).
13. A. Banerjee, S. Chatterjee and N. Dadhich, Mod. Phys. Lett. A 35, 2335 (2002).
14. N. F. Naidu and M.Govender, J. Astrophys. and Astron. 28, 167 (2008).
October 7, 2018 13:32 WSPC/INSTRUCTION FILE euclideanfinaljune
10 G Govender, M Govender and K S Govinder
0.5 1.0 1.5 2.0
5.´10-6
0.00001
0.000015
0.00002
0.000025
0.00003
Fig. 1. Causal (dashed line)and noncausal (solid line) temperature profiles versus r.
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Fig. 2. Relaxation time for the shear stress (close to equilibrium - dashed line), (far from equi-
librium - solid line) versus r.
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Fig. 3. Proper radius versus time.
